In this short work, a semilinear parabolic equation with a homogeneous Neumann boundary condition is studied. A blow-up result for a certain solution with positive initial energy is established.
Introduction and main result
In this short work, we consider the following semilinear parabolic equation: where Ω is a bounded domain in R N (N ≥ 1), with a smooth boundary ∂Ω and p > 1. It is immediately seen that the integral (or the mean value) of u is conserved (at least once you make precise the meaning of the solution). The above model arises from nuclear science where the growth of temperature is known to be very fast, like u p , but some absorption catalytic material is put into the system in such a way that the total mass is conserved. It can also be used to model other phenomena in population dynamics and biological sciences where the total mass is often conserved or known, but the growth of a certain cell is known to be of some form. Since mathematically we do not require that u(x, t) is nonnegative, we use |u| p−1 u instead of u p in our problem (see [1] ). One of the simplest examples of a nonlocal and quadratic equation is
with a Neumann boundary condition such that the quantity  Ω u(x, t)dx is conserved. This equation is also related to Navier-Stokes equations on an infinite slab for other reasons explained in [2] .
Wang and Wang [3] considered a more general problem of the form
with Neumann or Dirichlet boundary conditions and positive initial data, where d > 0 is a constant. They showed the global existence and exponential decay of the solutions when p = q, |Ω| ≤ k and the boundary condition is of Neumann type.
They also obtained a blow-up result under the assumption that the initial datum is bigger than some ''Gaussian function'' in the case of |Ω| > k.
In [1] , Hu and Yin established the nonglobal existence result for problem (1.1) under the condition
by using a convexity argument, where C > 0 is a constant depending on the measure of Ω. 
with the same initial and boundary conditions as are given in Problem (1.1)-(1.2). They established a relationship between the finite time blow-up of solutions and the negativity of the initial energy for 1 < p ≤ 2 and proposed a conjecture that the relationship might hold for all p > 1, a positive answer to which was given by Jazar in [5] .
In the works mentioned above, the initial energies are supposed to be negative or nonpositive to ensure the occurrence of the blow-up. To the best of our knowledge, there are fewer works in which positive initial energies guarantee blow-up, of which we refer to [6] . In this work, we improve the blow-up results obtained in [1, 5, 4] to Problem (1.1)-(1.2) in some sense and show that certain solutions with positive initial energy may also blow up in finite time. The existence and uniqueness of this problem for small time t is clear, by the standard theory of parabolic estimates and the contraction mapping principle. It can also be obtained from the classical semigroup theory more or less directly. It is also clear that the solution can be extended in the t direction, as long as the L ∞ norm of the solution remains finite. Moreover, the solution is a classical one; see [7] .
Denote by W (Ω) the subspace of W 1,2 (Ω), the element u of which satisfies  Ω udx = 0. We equip W (Ω) with the norm
By using the Poincaré inequality, we see that this norm is equivalent to the classical norm equipped with W 1,2 (Ω). Let B be the optimal constant of the embedding inequality 4) which is equivalent to
and
Our main result is the following: 
Proof of Theorem 1.1
We begin this section with the following lemma.
Lemma 2.1. E(t) defined in (1.6) is nonincreasing in t.
Proof. A direct computation combined with integrating by parts yields
Thus, E(t) is nonincreasing in t.
Before proving Theorem 1.1, we first establish the following two lemmas by applying the idea of Vitillaro in [8] . A similar idea was used by Liu and Wang in [6] . The first lemma gives a lower bound estimate of the L 2 norm of the solution u(x, t). 
Lemma 2.2. Suppose that u(x, t) is the solution of (1.1)-(1.2). Assume that E(0)
Proof. We deduce from (1.4) and (1.6) that
where α = ‖∇u‖ 2 . It is easy to verify that g is increasing for 0 < α < α 1 , decreasing for α > α 1 ; g(α) → −∞ as α → +∞ and g(α 1 ) = E 1 , where α 1 and E 1 are given in (1.5). Since E(0) < E 1 , there exists an α 2 > α 1 such that g(α 2 ) = E(0).
3), which implies that α 0 ≥ α 2 since α 0 , α 2 ≥ α 1 . To prove (2.1), we suppose on the contrary that ‖∇u(·, t 0 )‖ 2 < α 2 for some t 0 > 0. By the continuity of ‖∇u(·, t)‖ 2 we may choose t 0 such that ‖∇u(·, t 0 )‖ 2 > α 1 . Then it follows from (2.3) that
which contradicts Lemma 2.1. Hence (2.1) is proved.
To prove (2.2), we see from (1.6) that
which implies that
Therefore, (2.2) holds. The proof is complete.
Let
Then we have:
Proof. By Lemma 2.1, we see that H
From (1.6) and (2.4) we see that
Combining (2.3) with (2.1) we have
which guarantees the conclusion of the lemma.
On the basis of the above lemmas, we are now in a position to prove Theorem 1.1.
Proof of Theorem 1.1.
(2.6) By using (1.5) and (2.2) we have
Substituting the above inequality into (2.6) we obtain
where
Next we estimate G p+1 2 (t) by using Hölder's inequality:
where C > 0 is a constant depending only on |Ω| and p. By combining (2.7) with (2.8) we have
where γ = C 0 /C > 0. A direct integration of (2.9) from 0 to t yields Remark 2.1. In [5] , the authors proved that the solution to (1.3) blows up in finite time for all p > 1 when the initial energy is nonpositive. However, for technical reasons, we do not get the blow-up result for p > (N + 2)/(N − 2) when N ≥ 3. We conjecture that Theorem 1.1 should hold for all p > 1.
